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Particle Image Velocimetry via Wavelet Analysis
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Texas A&M University, College Station, Texas 77843-3141

Novel analytical and image processing methods derived as part of the development of a digital particle image
velocimetry system, based on multiresolution analysis, are presented. The derivation of wavelet-based multires-
olution methods for velocity field reconstruction is addressed, and the experimental setup used for validation
of results is described. New techniques are proposed with improved spatial resolution and reliability over some
existing methods. The techniques are based on wavelet-based representations of digital particle image data that
are used to calculate spatially localized and frequency localized filtered correlations of successive images. An
essential feature of the method is the development of windowed cross-correlation expressions for wavelet-based
expansions that are not orthogonal (or biorthogonal) over the cross-correlation window. The methodology makes
use of recently introduced refinable functions and generalized connection coefficients derived in wavelet-based
finite element methods. A conventional charge-coupled device camera is used with a frame rate of 30 frames/s and
pixel resolution of 512 X 480 per frame. The images are acquired in pairs at 30 frames/s, with a user-defined time
delay between image pairs, to capture the flowfield structure evolution. The flow illumination was achieved using
a 5-W, argon-ion laser. Finally, hardware and algorithm performance is demonstrated via sample water-tunnel

experiments.

I. Introduction

PTICAL measurement techniques in fluid mechanics encom-

passawide spectrumof methodsranging from pointinterroga-
tions (laser Doppler velocimetry) to planarimaging [particle image
velocimetry (PIV) and particle tracking velocimetry (PTV)] to volu-
metric investigations(three-dimensionalPIV and three-dimensional
PTV). In recent years, much attention has been given to planar
and three-dimensionalflowfield interrogationmethods. Specifically,
PIV has been widely accepted and applied while also undergoing
continual advancement.

PIV has proven to be a useful technique for temporally character-
izing nonperiodic and quasiperiodic phenomena for which accurate
phase referencing is not available. Lack of phase referencing rules
out the use of point measurement and ensemble averaging tech-
niques to extract temporal information on the flow and perform
space-time cross correlations. However, on occasion, the vector
fields generated with the use of this method may present a certain
number of erroneous vectors, which may be related to certain fac-
tors, such as poor quality of images, low seeding particle density
in the image, large displacements of particles between consecutive
images,i.e., high-velocityflows, etc. Furthermore, the type of image
processing algorithms that are used for the data reduction process
may play an important role in the quality of the resultant vector
field. To resolve this last issue, improved and novel image process-
ing algorithms are presented herein. A briefreview of representative
research in PIV follows.

Processing of PIV images has received significant attention in
terms of improving method reliability and reducing computation
time. The processing of PIV images can be done either digitally or
optically.For typicaldigital PIV (DPIV) analysis, the image is either
acquired in digital form [charge-coupleddevice (CCD) camera and
frame-grabber hardware] or acquired in analog form (photography)
and subsequently digitized using optical scanning techniques and
hardware. Itis then stored as a numerically equivalentimage file and
is manipulated and analyzed using computational algorithms, most
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often based on autocorrelation,cross-correlation,and particle track-
ing techniques.Grantand Liu! used an autocorrelationmethod to an-
alyze multiexposed PIV images. Interrogation windows are shifted
within the image to determine where the correlationin particle dis-
placement is highest, thereby determining analytically the average
velocity of the flow in that region. Cross-correlationtechniqueshave
been shown to improve the performance of PIV systems.>* Willert
and Gharib® utilized a CCD camera that immediately provides im-
ages in digital format. Utilizing two consecutive images, a local
spatial cross correlation, in Fourier space, is performed between
the two images to resolve the velocity distribution along a plane.
Shimada et al.* further developed Fourier transform-based image
processing methods using normalization and spatial filtering. The
normalization and filtering incorporated alternative Fourier trans-
form kernels, which resulted in the emphasis of low-frequency in-
formation. In addition, other types of filtering>:® can allow for more
refined data extraction and rapid data reduction.

Optical processing techniques are often used to remove the re-
quirement to digitize the images and to alleviate the computational
burden. For quantitative processing, PIV images have often been
scanned by a laser to produce a series of Young’s fringe patterns,
which can be locally analyzed to derive the corresponding two-
dimensional velocity vectors. This method requires direct point-
wise interrogationsof the film to analyze the local resulting Young’s
fringe pattern. Arnold and Hinsch’ developedan optical parallel pro-
cessing method that uses an array of holographically produced in-
terrogation beams. Analysis of the resulting array of Young’s fringe
patternsresults in the position-resolvedvelocity field. Optical filter-
ing methods®-® have also been developed that speed up the image
processing.

Both the digital autocorrelationmethods and the optical process-
ing techniques do notinherently reveal information about the veloc-
ity direction. Several methodshave been developedto remove the di-
rectional ambiguity associated with some PIV processing methods.
Pulse tagging, used by Grant and Liu,'® employs two different and
distinct light pulse durations in multiexposed images. Adrian'! and
Landreth et al.'? introducedan image shifting technique, which uses
a rotating mirror to impose a positive shift corresponding to some
finite forward velocity to all image particles. Image shifting!! 4
can be used to offset negative velocities by the imposed forward
velocity shift, therefore alleviating any directional ambiguity. A
two-color PIV system, developed by Trump et al.,'> uses a high-
resolution color CCD camera. Two colored laser sheets were used
for successive illumination of the particles, thereby resolving the
directional ambiguity through the color sequence of the particles.
Directional ambiguity is not a problem in techniques based on the
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cross correlation of two consecutive images.®> This method is em-
phasized herein.

For fast-varying flows with fine spatial structure, traditional PIV
approaches fail to capture the small time and length scales of the
flowfield and their temporal-spatial evolution. Their capture is nec-
essary to address issues such as transient response of both the
fluid and the structure during rapid fluid-structure interactions or
the energy transfer process among the different scales in transition
and turbulence. Therefore, to resolve these issues, the use of high-
speed cameras, with frame rates of up to 10,000 frames/s and high
image resolutions are deemed necessary. Gilarranz et al.'® devel-
oped a high-frame-rate, high-resolution cinematographic PIV sys-
tem, which combined the use of a high-speed, high-resolution film
camera (with frame rates up to 10,000 frames/s and a resolution of
about 1400 x 1000 pixels per frame) with the use of novel image
processingtechniques with improved spatial resolutionand reliabil-
ity. Similar to the work presentedin Ref. 16, Vogel and Lauterborn!’
used high-speed photographyto get time-resolved flow information
around cavitation bubbles during their collapse. In view of the in-
herent computational expense associated with the task of extracting
velocity field characterizationsfrom such high-speed cameras oper-
ating at equivalent resolutions on the order of 1400 x 1000 pixels,
novel windowed, wavelet-based correlation methods are presented
in this paper.

A greatdeal of literature has accumulated over the past five years
on wavelet and multiresolution analysis in applications to signal
processing. Although hardly exhaustive, representative overviews
of the progressin this field can be foundin Refs. 18 and 19. Roughly
speaking, much of the enthusiasm with regard to the utility of
wavelets for applications in signal processing can be attributed to
the time-frequency localization properties of these basis systems.
As a basis for the representation of functions, wavelets are unique
in that they can be tailored to have a designed band-limited fre-
quency content and, simultaneously,can have local supportin time.
These properties should be contrasted with the classical Fourier ba-
sis functions, for example, which are ideally localized in frequency
(a single spectral line) but are supported over the entire real line in
the time domain. In applications to PIV, the ability to achieve local
spatial and frequency filtering provides an automatic process for
calculating cross correlation for features at different length scales
or particle sizes at distinct physical locations in the flow. In ad-
dition, the ability of the wavelet and multiscale representations to
yield highly compressed representations of images and operators
has been reported by numerous authors (see Ref. 20, for example).
This paper derives modifications of the classical cross-correlation
functions that are required for windowed wavelet representations.
By utilizing the fast wavelet transformto project out coarse features
in the PIV data, improved windowed-waveletcross correlations are
obtained.

The remainder of this paper is organized as follows. Section II
presents novel particle image cross-correlationalgorithms based on
wavelet theory. Section III describes the imaging hardware, as well
as the components of the experimental setup that was used to gen-
erate the data. Section IV includes the descriptionof sample experi-
ments performed to demonstrate the performance of the techniques
proposed herein. The discussion of the results may also be found in
Sec.IV. Finally,Sec. V includesthe concludingremarks of this work.

II. Wavelet-Based Windowed Cross Correlation

A. Conventional Cross Correlation

To motivate the derivationof wavelet-based DPIV algorithmsthat
follow, we briefly review conventional cross-correlationmethods as
they are applied in DPIV. Typically, instantaneous planar velocity
distributions are derived from two captured images separated by a
known time interval, by cross correlating corresponding sampling
windows in the two images. In typical approaches;’ the image data
from a window (for a 512 x 512 image, a typical window size is
32 x 32 pixels) taken in the first image and that from a window at
the same position in the second image are cross correlated. Con-
sider the two consecutive images shown in Fig. 1. We let f(k,[)
and g(k, [) represent the pixel intensities (typically 0-255) at pixel
locations (k, ) in the first and second images, respectively. From
any of a number of texts (see, for example, Ref. 21) treating digital
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Fig.1 Interrogation windowsin two consecutive

images. Second Image
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Fig.2 Cross-correlation plot for a 16 X 16 interrogation window.

image processing, we find thatthe discretecross correlation R (m, n)
associated with discrete functions f(k, [), and g (k, [) is given by

S X, fk,Dgk 4 m, 1+ n)
22, frk D X g2 (kD)

In this expression, the function R (1, n) measures the correlationof
the discrete functions f(k, ) and g(k, [) when they are relatively
shifted by (m, n) pixels. We do not explicitly express the limits of
summation, as this will clearly depend on the window size and lo-
cation. The location of the cross-correlation peak gives the mean
displacementof the particlesin the interrogation window. This pro-
cess is repeated by moving the window until the entire image is
covered. In Ref. 3, inaccuraciesare introduced because the window
in the second image is at the same location as the window in the first
image. This could yield erroneous predictions because some of the
particles in the first window could, due to their finite velocity, move
outside of the interrogation window. The likelihood of erroneous
predictions of the particle displacement grows as the flow velocity
or, equivalently, the displacementincreases. Moreover, the success-
ful performance of the cross correlationrequires the use of a rather
large interrogation window, typically 32 x 32 pixels. The algorithm
returns a single velocity prediction for the entire interrogation win-
dow; therefore, all of the points within the window are assumed to
have the same uniform velocity, and any spatial velocity gradients
within the window are missed altogether. This restriction can be
somewhat alleviated by overlapping the interrogation windows. In
general, for a 512 x 512 image, the velocity map has a grid size of
16 x 16. This resolutionis inadequate when fine length scales are to
be resolved. An idea of the effects of noise and measurementimpre-
cision is shown in Fig. 2, which presents a typical windowed cross
correlation plotted for two consecutive images. The determination
of a local maximum is clearly difficult without significant filtering.
In the next section, we will show how the use of wavelet bases can
be used to generate a family of expressions similar to Eq. (1) but
depending on a choice of wavelet and on a class of filter operations.

R(m,n) =

M

B. Basics of Wavelet Theory
A detailed discussion of the theory of wavelets and multiresolu-
tion analysis is, of course, beyond the scope of this paper. In this
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section, we summarize just enough of the relevant theory to ex-
plain the PIV methodologies presented later. The interested reader
is referred to any of the numerous recent texts, such as the work of
Daubechies?? for a thorough discussion of wavelet and multireso-
lution analysis. To derive the appropriate wavelet-based correlation
functionsforimagesin two dimensions, we first define wavelets and
multiresolution functions on the real line ). The extension to two-
dimensional images is discussed subsequently. We approximate a
given function f'(x) via a representation in the terms of functions

Dri(x):
FE R 1) = i) (@)

ke N

where J defines the finest mesh resolution 2 = 277 and ¢, 4 (x) is
a family of basis functions defined as

¢ru() =229 2 x — k),

Carefully note that the basis functions ¢ , (x) are defined as dilates
and translates of the single function ¢ (x), the scaling function of a
multiresolution analysis. The number and variety of scaling func-
tions derived over the past few years has increased enormously, and
the properties of scaling functions vary considerably among differ-
ent types. In this paper, we will make rather restrictive assumptions
on ¢ (x). These assumptionssimplify the discussionsin Sec. I1.C but
are by no means required for the techniques outlined in this paper
to be applied using more general classes of scaling functions and
wavelets. We assume the following.

1) The function ¢ (x) has compact support, i.e., vanishes outside
a closed bounded set.

2) The functions ¢, ;(x) form an orthonormal set of functions
over L*(R), i.e.,

Vke N A3)

/ ¢J.k(x)¢m.n (X) dx = S(J.k).(rn.n)
R

3) The function ¢ (x) satisfies a scalar two-scale equation with
some finite sequence A:

P) = Idp(2x — k) “

kesS

In Eq. (4), h is the mask, or low-frequency filter, characterizingthe
scaling function. An important consequenceof the third assumption,
however, is thatthe scaling functions ¢, , (x) canbe used to construct
nested spaces. If we define

V, = span{, s }ie v, V1 =span{g; _ 1 iJken (5)

itis clear from Eq. (4) that we have
V1€V (6)

Each of these assumptionscan be weakened; we can considerscaling
functions with infinite support, scaling functions that satisfy vector-
valued matrix refinement equations, or scaling functions that yield
bases ¢, (x) that are not orthogonal. From the scaling function
¢ (x), we define the wavelet 1/ (x) associated with a multiresolution
analysis according to

Y =) ap2x —k @)

kes’

By a careful definition of the mask coefficients g, in terms of the
hy, it is possible to show?? that

W; = span{yryitien ®)
where
Yoax) =2"29 2 x — k) )
is the orthogonal complement of V; in V;, ;. That s,

Vy41 =span{¢, 1} =span{¢,,} @ span{y,}
= v, (&5 W, (10)

fine mesh coarse mesh detail
approx. space approx. space approx. space

With these observations, we can write the single-scale expansionin
terms of a multiscale expansion:

S =D s + Y Bro it —1s(%)
k K
=D oy axbs k() + Y By 2ty 25 ()
k K

+ ) Broistro1.() (11)

By induction, we obtain

J—1

FrO =Y madua@ + Y D Bustmsx) (12
k

m=M s

The decomposition and reconstruction between different levels of
discrete coefficients {«;} and {8, )} are performed through fast
wavelet transforms utilizing the two filters {4, } and {g,} defined in
Eqgs. (4) and (7) (Ref. 22). The scaling function part of the multi-
level expression in Eq. (12) contains low-frequency or large-scale
information, and the wavelet components represent high-frequency
or small-scale information of the original function.

With the construction of the multiresolution analysis in one di-
mension in Eq. (12), it is not difficult to extend the analysis to two
dimensions via tensor products. That is, if we define

Q(x,y) = ¢x)p(y)
l(x,y) =)y (y)
WA, ) = Y () ()
Wi, y) =YY ()

V; =span{®; ¢nlunenxn
Wi = span{\llj.(k.,) Jkhenx N

i=1,2,3 (13)

we can show that

— 1 2 3
Viea= V, @W,e& W, & W,
fine mesh  coarse mesh vertical horizontal diagonal ( 1 4)
approx. approx. detail detail detail
space space approx.  approx. approx.

space space space

for the multiresolution analysis of two-dimensional spaces. Later,
we utilize the precedingdecompositionfor denoising and extracting
detail features of particle images obtained from experiments. It is
emphasized that the wavelet decompositionis one of the two major
proceduresin our current methodology.

C. Wavelet- and Multiresolution-Based Cross Correlations

In this section, we discuss the derivation of windowed cross-
correlation methods from wavelet-based representationsof the dig-
itized particle images. To provide motivation for the methodology
discussed in this section, consider the one-dimensional version of
the conventional discrete correlation

+307 fkgk+rn R(m)
R — k=—0o0 — 15
W=y e Il (19

where the norms || f|| and || g|| are calculated over the sample win-
dow. To simplify the form of the equations that follow, we will
utilize R(-) to denote the normalized cross correlation and R(-) to
denote unnormalized cross correlation. This equation can be de-
rived by assuming that we have been given discrete values of two
functions f(x) and g(x) and have represented these functions via
approximations having the form

N—1
1@ =" fradri) (16)
k=0
and
N —1
&) =" grudri(x) (17
k=0
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Fig.3 Approximation of discrete data by an analytic function in terms
of different bases.

where the basis functions ¢,  (x) are simply the step functions

1, 27k <x <277 (k+1
¢,.k<x)=[ sr=200Eh gy

0, otherwise

This situation is shown schematically in Fig. 3. It is assumed that
the physical data to be measured are represented by some unknown
function f (x) that is not necessarily discrete.

Viameasurement, we obtain discrete data that canbe used directly
to represent a piecewise constantapproximation of the function. Of
course, this is only one of many possible choicesfor representingthe
function.In fact, it is not difficult to show that the discrete cross cor-
relationin Eq. (15) is valid for any functions having the form shown
inEgs. (16) and (17) whenever 1) the basis functions {¢, 4 }; « v form
an orthonormal system and 2) the basis functions {¢; x }x c v satisfy
the translation property, ¢, (x +27/m) = ¢, _,,(x). If these two
properties hold, we can write

R27E) = / [l =278)g" (x)dx

N1 N -1
= / {Z fbra(x — 2’5)} { > enbim (x)} dx
RN | k=0

m=0

N—-1N-1

=" fign / $ra(x =27 )y (x) dx (19)
k=0 m=0 R
so that
_ Z fkg/c+1n
RQ7E) = =—T2 20
277§) S 2y g (20)

The recently derived family of wavelet functions provides a rich
collection of functions having precisely the two characteristicsjust
defined. Hence, the cross-correlationexpressionin Eq. (20) remains
valid, without modification, whenever we choose an orthonormalset
of wavelet basis functionsand the interrogation window is the entire
(periodically extended) image.

This observation allows us to express the cross correlation of
functions that have been approximated by wavelets and that are de-
fined over the entire real line in the usual fashion. However, for
applications to PIV, we are interested in evaluating local cross cor-
relations over a convenient subdomain, or window. In this case, the
conventional discrete cross correlation in Eq. (15) remains valid,
even over the local window. We need only restrict the indices in the
summation over the local window. This windowed correlation pro-
cedure works because the step functionsin Eq. (18) are orthonormal
over grid-alignedrectangular windows. On the other hand, if we al-
low wavelet bases in the expansions, we encounter difficulties. The
waveletbases, althoughorthonormal over the entire real line, are not
orthogonalwhen restricted to grid-aligneddomains. In other words,

when we calculate the windowed cross correlation of functions that
have been expanded in terms of orthonormal basis functions, as in

Ro277) = / la(x =2778)g” (x) dx 2D
Q

the functions f/|o and g are not orthogonalover the (window) do-
main 2.

The modifications to calculate the windowed cross correlation
of functions approximated via wavelet expansions can be achieved
using the notion of refinable functionsdiscussedin Refs. 23 and 24.
This methodology has also been employed in Ref. 25 for the devel-
opment of wavelet-based finite element methods. The derivation of
the windowed cross correlation is achieved by first noting that the
integral over the domain €2 can be expressed as an integral over the
entire real line:

Ro(2778) = / flla(x —2778)g’ (x) dx
Q

:/ fra=2775)X =277 )g" (x) dx (22)

by introducing the characteristic function of the domain 2

Xo(x) =

1=

Xo@'x —s =1 (23)
0
where s correspondsto the left boundary of the domain €2, w is the

domain’s width, and

I, xel0,1]

¥ _ 24
10,17 () {0’ otherwise @y

When we expand the windowed cross correlation in Eq. (22), we
obtain

Ro277) = / fla=2778)X @ —2778)g" (x) dx

= / [Z fitri(x — 2*’5)}[2&@.,@)}
=" & i

X |:Z/Y|0.1|(21x—§—s—m):| dr = Z Jesi
m=0 k I m=0

X / 22927 x — & — k)29 27 x — 1)
"

X Xon(2'x — & —s —m)dx (25)

This expression would reduce to the usual, discrete cross correla-
tion if the integrand were equal to the Kronecker delta function.
Alternatively, we utilize the change of variables

/ 2227 x — & — )22 x — DX (27 x —& —5 —m)dx
= /.(ﬁ(x —&E—kbpx — DA nx —&—s —m)dx

= / Xon(X)p(x+s+m—k)gp(x+&+s+m—1Ide (26)
"
and define the three-term connection coefficients to be
r/(cJ;Oxfm.le —s—m — / X‘IO.II(X)(P(X +s+m— k)
"

Xpx+E+s+m—1)dx 27)

The final expressionfor the windowed crosscorrelationfor functions
expressed in terms of wavelet expansions can be written as

Ro@76)=> > 3 faly’ i esom (29
k 1

m=0
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At this point, it is important to note the following:

1) The integrals defining FE,O are not trivial to calculate in gen-
eral. For many cases of interest, the wavelet scaling functions ¢
comprising the integrals cannot be expressed in closed form.

2) Numerical methods exist for calculating the entries FE,O to any
degree of precision. Techniques for evaluating these integrals are
discussed in Refs. 23 and 24.

3) Once the entries of FE,O have been calculated numerically,
they can be stored and applied very rapidly. The number of nonzero
entries in FE.‘,O is proportional to the length of the mask defining the
wavelet.

4) The entries of FE,O are different for different (families of)
wavelets.

The set of FE,O correspondingto the Daubechies wavelets of order
3 were utilized in the present numerical examples. Software for
evaluating the FE,O values for more general families of wavelets is
available in Ref. 26.

The expressionin Eq. (28) is sufficient, in principle, for calculat-
ing the desired windowed cross correlations. If we implement the
expression in Eq. (28) directly, however, the time to calculate the
cross correlation can be prohibitively long. This fact is particularly
true when we extend these results to the case of two-dimensional
signals (images). Itis possible to improve the efficiency of the cross-
correlation calculation via some simple observations. Given a win-
dow of the function f(x) that we wish to cross correlate with an
entire signal g(x), we can reorganize the calculations as follows:

RQ(2 J%‘)_Zzzﬁcgl ,5,,,”, E—s—m

m=

:Zgl szkrogsfmlf E—s—m
1

=Y aMl—-¢—5) (29)
[
In the preceding equations, we have defined a new set of quantities

M(l_ _s)_zszrofosfmlf E—s—m (30)

m=
Note that these coefficients can be precomputed, given an initial
window of the function f (x), and appliedas a filter to the coefficients
defining the function g(x).

The extension of all of the preceding results via tensor products
to obtain formulas appropriate for two-dimensional particle images
is straightforward. If we assume that we are given the wavelet ap-
proximations

F1E =33 fentbsu)$ra()
k n

(3D
1) =D ©obri (X))
1 0
the windowed cross-correlationexpression can be written as
Ro(276.2778)
<~ 0.0 0.0
= Z Z Z fk"’g"”rk;xl —ml—& —s *mrn;sz —p.o—&—s2—p
kn l,o m.,p
L 0,0 0,0
= Zg"” Z ka ”r k—st—ml—& —si ,,,11—‘,,,52 —po—§—sa—p
Lo k.n m,p
= goMl—&—mo—&—s5—p) (32)

Lo
InEq. (32), we haveintroducedthe doublyindexedset of coefficients
MU —& —sy—m,0—§& —s,— D)

wi, w2

_ 0,0 0,0
- Z Z fk”r ,Xl,,,”,gl,51,,,11—‘,,,”,1,0,52,52,1, (33)

k.n m.p

that must be precomputed for each window of the function f'(x, y).

III. Description of Imaging Hardware
and Experimental Setup

To acquire the images used to test the performance of the im-
age processing algorithms proposed herein, we utilized a Pulnix
TM-9701 CCD camera with a frame rate of 30 frames/s, a vari-
able internal electronic shutter, and a sensing element array with a
resolution of 512 x 480 pixels. The CCD camera is interfaced to a
personal computer with a Data Translation DT 2861 frame-grabber
and software that enables the user to save the images in various
formats. To resolve the desired length scales, the proper zoom level
was obtained using a zoom lens and extension tubes.

A 5-W, argon-ion laser was used for flowfield illumination. The
laser beam was first reflected on a concave mirror (diameter ¢ =
50 mm, focallength { = 1000 mm) to obtain the desired thickness of
the beam. The laser sheet was then obtained by reflecting this beam
on a small mirror attached to a galvanometer scanner, which is a
limited rotation servomotor that is specifically designed for highly
linear torque and deflection characteristics. The resultinglaser sheet
had a thickness of about 3 mm. Silver-coated glass spheres with
diameters ranging from 9 to 90 um for high- and low-zoom levels,
respectively, were used to obtain the proper flow seeding.

All of the experiments were conductedin a 152 x 152 mm (6 X
6 in.) water tunnel in the Aerospace Engineering Department. This
small water tunnel has all of its test section sides made of transparent
Plexiglas®. The length of the test section is 610 mm (24 in.). This
facility has a maximum test section velocity of about 460 mm/s
(1.5 ft/s) and a two-dimensional contractionratio of 4 to 1.

IV. Sample Experiments and Results

For the purposes of software performance demonstration, simple
two-dimensional flow experiments were run. Images were taken for
two differentconfigurations:a) boundary-layerflow and b) flow over
atwo-dimensionalcylinder. Schematic representationsof these con-
figurations may be seen in Fig. 4. Case a was run with a freestream
velocity of 21mm/s. As shown in Fig. 4a, the bottom of the image
coincides with the floor of the test section. For this configuration, the

! Frame

Test Section

'
\
\
:
\
— |
\ |
.
' Cylinder___Frame |
—_— \ |
\ I
Freestream l 1
\
— ! ‘
" :
— ! !

'
\
' !
'
'

Test Section

b) Flow over a two-dimensional cylinder

Fig.4 Schematics of sample experiment configurations.
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Boundary-layer flow

Flow over a cylinder

Fig.5 Actual setups corresponding to the schematics of Fig. 4.

physicaldimensionsof the images were 31.75 x 38.1 mm (height x
width). For case b, a cylinder with a diameter of 30 mm was placed
with its center at a height of 75 mm from the tunnel floor. Images
were captured for a freestream velocity of 44 mm/s. The physical
dimensions of the images were 47 x 60 mm (height x width). To
show the evolution of the fluid structures (vortex shedding) for the
cylinder flow, image pairs were acquired with a user-defined time
delay between each pair. The laser sheet and the location of the area
that was captured in the image with respectto the cylinder and test
section may be seen in Fig. 4. Figure 5 shows photographs of the
actual experimental setup.

Figures 6-9 show the results of velocity field reconstructionfrom
our simplest experiment (boundary layer) using the windowed,
wavelet-based cross correlations derived in Sec. II.C. In Fig. 7,
one of the two consecutive raw digitized particle images for the
boundary-layer case is shown. Each frame is processed by utiliz-
ing the wavelet-based image processing method shown in Fig. 6.
Each image undergoes a fast wavelet transform in two dimensions
to obtain the projections onto the multilevel subspaces. By recall-
ing the two-dimensionaldecompositionsintroducedin Eq. (14), the
original image (S”) is decomposed into the following multiscale
representation (see Fig. 6):

ST = ST P P Py
= (817 Py T+ Py Py )+ (Poy '+ Py +Piy )
= (87 Py Pig Py ) (P P P+ Py )
+(Poy '+ Py H Py ) = (34)

where S are scaling components and P are wavelet components.

The wavelet decompositionis split into parallel channels of wavelet

coefficients, where each channelis associated with the detail images

on a sequence of nested meshes. Each channel is denoised, via hard
or soft thresholding, to retain only the relevant features at a given

s

Original

Digital Image

—>

Fast Wavelet [Toly

Transform R

Scaling Function/
Wavelet Decomposition

Scale Specific
Denoising
Feature Extraction

Scale Specific
Denoising
Feature Extraction

Scale Specific
Denoising
Feature Extraction

Scale Specific
Denoising
Feature Extraction

W

‘ Windowed ‘

Cross Correlation

Fig. 6 Schematic of wavelet-based image processing method; three-
level decompositions are shown.

50 100

150 200 250 300 350 400 450 500

Fig.7 Original particle image for the case of the boundary layer.

length scale. The resulting reconstructed, filtered image is used to
calculatethe windowed cross correlationvia the expressionsderived
in Sec. IL.C.

For example, Fig. 8 shows the results for the raw image (Fig. 7)
when 1) the original image is decomposed to three multiresolu-
tion levels, 2) the coarsest data channel S’ ~2 is removed (no-pass
filtering), and 3) all-pass filters are used for the detail images.
This is perhaps the simplest multilevel filtering method conceiv-
able for the PIV data: Retain only features corresponding to parti-
cles at the finest scales, and ignore all larger features. Figure 8a
shows the image reconstructed from the finest level of details,
ie., P, ' + Pj,' + Py, "' Figure 8b shows the image recon-
structed from the next coarsest, i.e., Py > + Pag > + Poy %, and
so on. The coarsest level, i.e., Piy > + Piy® + Piy *, is shownin
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Fig. 8 Wavelet decomposition of the original image.
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Fig. 9 Boundary-layer flowfield obtained through the wavelet-based
cross correlation.

Fig. 8c. Despite only the most rudimentary filtering operation hav-
ing been carried out in the feasibility study, excellent results are
obtained. Figure 9 shows the velocity field that is reconstructed us-
ing the windowed cross-correlation expressions from Sec. II.C on
the multiscale-filtered discrete wavelet transform. The size of the in-
terrogation window for calculating the correlation function is fixed
at 32 x 32 pixels throughout the experiment in this section. Only a
few vectors are erroneously calculated out of 16 x 16 vectors, and
most of them are located over regions of the image that contain data
holes, i.e., low seeding particle density in the window. It is obvi-
ous that simple extrapolation, averaging, or flow-fitting procedures
would eliminate these anomalies. We prefer to present the worst-
case, raw data. It is emphasized that the displacement vector of the
particles within the entire window is determined by simply finding
the location of the maximum of the correspondingcross-correlation
function without using any sophisticatedalgorithms. The vector de-
scribing the velocity is then calculated by simple division of the
displacement by the time between consecutive images, i.e. the re-
ciprocal of the frame rate of the CCD camera.

Two-level details

1

Five-level details

Three-level details

Fig. 10 Typical correlation measures for different wavelet filtering.

More challenging examples are presented in Figs. 10-13 for the
representation of velocity fields of a cylinder wake. The same win-
dowed, wavelet-based correlation algorithm is used as before. The
multiresolution decompositions of the original images are per-
formedupto five resolutionlevels to exhibitthe effects of the number
of levels of detail images retained. Typical correlation measures for
different wavelet decomposition levels are shown in Fig. 10. It can
be immediately seen that, as we keep more details, we obtain more
distinct peaks in the correlation distribution. This procedure corre-
sponds to the physically intuitive use of what we know about the
physics of the flow; only small-scale particles are of interest. The
large-scale features in this application can be discarded to produce
improvedresults. This cleaner peak in the correlation in turn results
in a reduced number of erroneous vectors, as can be seen in Fig. 11.
The deletion of the large-scale features, i.e., coarsest components
S/ =3, improves denoising, whereas retaining the finest-scale fea-
tures improves local correlation. For the purpose of comparison, a
result from an existing fast Fourier transform (FFT)- based DPIV
code is presented in Fig. 12. The comparison of the wavelet-based
method in Fig. 11d and the FFT-based method in Fig. 12 is quite
promising. Because only a small number of flow vectors are erro-
neous, we are able to remove those vectors by averaging neighbor-
ing reasonable vectors. Fewer than 10% of the vectors comprising
the velocity field were modified by this averaging operation. The
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Fig.11 Velocity field computed for different numbers of levels of detail
images retained.

300 [«

P s any m s
P AN AN

Al
\d
4

200 |- 327

[T Sap—
e e e

RN

0 T S S S [ S S S RS S SRS AR
0 100 200 300 400 500

Fig. 12 Velocity field computed using original DPIV code.
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Fig. 13  Velocity field; five-level details, after cleaning.

cleaned version of this vector plot is shown in Fig. 13, and the
original plot is shown in Fig. 11d.

V. Concluding Remarks

Novel analytical and image processing methods for DPIV have
been presented. By deriving a windowed cross-correlation func-
tion for wavelet-based representations of CCD imagery, improved
performance in terms of spatial resolution and reliability has been
achieved. The derived method utilizes refinable functions to cal-
culate local correlations, and fast computational forms have been
derived and implemented. Wavelet-based denoising is employed to
enhance spatial resolution. The techniques were applied to sample
flowfields in water-tunnel experiments and showed excellent per-
formance, demonstrating that simple, rudimentary wavelet filtering
implementations yield results competitive with our best FFT-based
methodologies.
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